Published by Institute of Physics Publishing for SISSA Received: February 22, 2005 Accepted: March 3, 2005 Published: April 20, 2005

Effective local geometric quantities in fuzzy spaces from heat kernel expansions

Naoki Sasakura

Yukawa Institute for Theoretical Physics, Kyoto University Kyoto 606-8502, Japan E-mail: sasakura@yukawa.kyoto-u.ac.jp

Abstract: The heat kernel expansion can be used as a tool to obtain the effective geometric quantities in fuzzy spaces. Generalizing the efficient method presented in the previous work on the global quantities, it is applied to the effective local geometric quantities in compact fuzzy spaces. Some simple fuzzy spaces corresponding to singular spaces in continuum theory are studied as specific examples. A fuzzy space with a non-associative algebra is also studied.

Keywords: Lattice Models of Gravity, Non-Commutative Geometry.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep032005015.pdf /jhep032005015.pdf

Contents

1. Introduction 1

2. Coefficient functions 2

3. Global geometric quantities 4 3.1 Fuzzy S^2/Z_n 4 3.2 Fuzzy S^1 and S^1/Z_2 7 3.3 A fuzzy line segment 9

4. Local geometric quantities 10 4.1 Fuzzy S^2/Z_n 11 4.2 Fuzzy S^1 and S^1/Z_2 15 4.3 A fuzzy line segment 18

5. Summary and discussions 22

1. Introduction

In classical mechanics the metric of a space-time can be definitely determined from trajectories of particles, and the metric tensor is the physical degrees of freedom of the general relativity. In quantum theory, however, the existence of minimal length in semi-classical quantum gravity and string theory [1, 2] and another series of arguments [3]–[7] suggest that the metric cannot be definitely determined and is not an appropriate tool to describe a space-time at fundamental level. This is similar in a fuzzy space [8, 9, 10], and a metric is just what determines the low-frequency dynamics of the fields in it. Even though such an effective metric is not fundamental, it would be useful in understanding the gravitational properties of a fuzzy space.

In continuum theory, the coefficients of the asymptotic expansion of the trace of a heat kernel Tr(e^{−tA} ) for t → +0 are given by the integrals of the local geometric invariants over a space [11]–[14]. Therefore, the heat kernel expansion applied to a fuzzy space may contain the information on its effective geometric properties. The heat kernel expansion for a non-commutative torus with the Groenewold-Moyal star product was studied in [15]. The author has found a power-law asymptotic expansion for t → +0, and the heat trace coefficients in this case are fully defined by the heat trace expansion for ordinary but nonabelian operators. In the previous paper [16], the present author studied the heat trace for a compact fuzzy space. For a compact fuzzy space, it is not appropriate to consider an asymptotic expansion for t → +0 because of its finiteness. It was shown that the

– 1 – effective geometric quantities in a compact fuzzy space are found as the coefficients of an approximate power-law expansion of the trace of a heat kernel valid for intermediate values of t. An efficient method to obtain these coefficients was presented and applied to some known fuzzy spaces to show the validity of the method.

The effective geometric quantities studied in the previous paper [16] are global. In the present paper, the method will be applied to Tr(h e^{−tA} ) with the insertion of the operator h. If h has a local support in a fuzzy space, the method will provide the effective local geometric quantities in a fuzzy space. I will consider some fuzzy spaces including those corresponding to singular spaces in continuum theory. Since a fuzzy space smoothens the singularities of a continuum space, it would be interesting to see the behavior of the local geometric quantities obtained by the method near the singularities in continuum theory.

In the following section, I recapitulate the method presented in the previous paper [16], and generalize it to include the insertion of h and boundaries. In section 3, I study the effective global geometric quantities in fuzzy S^2/Z_n, S^1, S^1/Z_2 and a fuzzy line segment. In all the cases, the method works well. In section 4, the effective local geometric quantities are studied for the same fuzzy spaces. The method works well, but some complications appear in some of them. The fuzzy S^1 obtained through the reduction from the fuzzy S^2 turns out to be inappropriate, and the fuzzy S^1 defined by a non-associative algebra is used instead. The local geometric quantities of the fuzzy line segment are hard to be determined because of the strong singularities at its boundaries. The final section is devoted to summary and discussions.

2. Coefficient functions

In continuum theory, the asymptotic expansion of the heat kernel has the geometric quantities as its coefficients [11]–[14]. For a smooth function h and a laplacian A = −Δ in a space with no boundaries, the asymptotic expansion for t → +0 is given by^1

Tr(h e^{−tA} ) ≃ ∞� j=0 t^{j−ν/2} a_{2j} (h) , (2.1)

where ν is the dimension of the space, and

a_0(h) = 1 (4π)^{ν/2} � d^ν x √ g h,

a_2(h) = 1 (4π)^{ν/2} � d^ν x √ g h R 6 , a_4(h) = 1 (4π)^{ν/2} � d^ν x √ g h � 1 180 R^{abcd}R_{abcd} − 1 180 R^{ab}R_{ab} + 1 72 R^2 − 1 30 ∇_a∇^aR � , (2.2)

for j = 0, 1, 2. Therefore, if a laplacian is given, one can obtain some geometric quantities and the dimension through the asymptotic expansion of the heat trace Tr(h e^{−tA} ).

1The usage of the lower index 2j for the coefficients in the present paper is distinct from the previous one [16, 14], but it is the one used in the references [11, 12, 13].

– 2 –

For a compact fuzzy space, since the number of independent modes is finite, Tr(h e^{−tA} ) is a well-defined function on the entire complex plane of t. Therefore the behavior of Tr(h e^{−tA} ) is not comparable with the asymptotic expansion (2.1) of continuum theory. However it is generally expected that the continuum description is valid well over the scale of fuzziness. In the previous paper [16], the heat trace without the operator insertion (h = 1) was studied for some known fuzzy spaces. It was shown that Tr(e^{−tA} ) is comparable with the expansion (2.1) in an intermediate range t_{min} ≲ t ≲ t_{max}, and the effective geometric quantities can be obtained through the method explained below. The minimum value t_{min} comes from the scale over which the fuzziness can be well neglected and the description with an effective metric holds well, while the maximum value t_{max} comes from the whole size of a fuzzy space.

Since the qualitative form of the asymptotic expansion (2.1) in continuum theory does not change with the insertion of h, the method presented in the previous paper [16] can be used without any essential modifications. Following [16], let me define a function

f_h(t) = t^{ν/2} Tr(h e^{−tA} ) . (2.3)

Then the ‘coefficient functions’ are defined by

a^N_{h,2j}(t) =

N−1� i≥j (−t)^{i−j} j!(i − j)!

f^{(i)}_h (t) , (2.4)

where f^{(i)}_h (t) denotes the i-th derivative of f_h(t) with respect to t.

In [16], the global case (h = 1) is considered and it was explicitly checked for some fuzzy spaces that, with a reasonable choice of N, the coefficient functions a^N_{h=1,2j}(t) take nearly constant values in a certain range t_{min} ≲ t ≲ t_{max}, and that these values can be identified as the effective geometric quantities in a fuzzy space corresponding to the coefficients a_{2j} (h = 1) in (2.1) of continuum theory. The intermediate range t_{min} ≲ t ≲ t_{max} will be denoted by the ‘stable region’ in this paper.

The coefficient functions a^N_{h,2j}(t) depend not only on the reference scale t but also on N, the number of derivatives considered. As was discussed in [16], this N parameterizes the order of the Taylor expansion of f_h(t) about the reference scale t, and describes the tolerance for the approximation of f_h(t) with a power-law expansion. To compare the asymptotic expansion (2.1) with the behavior of Tr(h e^{−tA} ) of a fuzzy space, a certain amount of tolerance must be allowed. This is because the spectra of the laplacian in a fuzzy space do not rigorously agrees with those of a continuum theory. The tolerance is tighter for larger N. Therefore, the parameter range t_{min} ≲ t ≲ t_{max} of the stable region depends on N, and the stable region becomes smaller for larger N. In the limit N → ∞, the stable region disappears.

The above property of the coefficient functions makes it a delicate matter how to choose the values of N. If N is too small, the approximation of f_h(t) with a power-law approximation will be too bad to provide the accurate effective geometric quantities, while, if N is too large, the stable region cannot be found and no effective geometric quantities can be obtained as explained above. Fortunately, the dependence on N is not so large

– 3 – at least for the fuzzy spaces studied in the previous paper [16]. In a broad range of N, there exists the stable region and the reasonable values of the effective geometric quantities can be found. A mathematically more rigorous criterion for the choice of the values of N should be formulated in future study, but, in the present paper, I will just take one of the values of N with the existence of the stable region for each specific case.

The heat kernel expansion in a space with boundaries has additional contributions from the boundaries, and it is in powers of √ t [11, 12, 13, 14]:

Tr(h e^{−tA} ) ≃ ∞� j=0 t^{(j−ν)/2} a_j (h) . (2.5)

Therefore, the coefficient functions for a fuzzy space with boundaries are defined as

a^{b,N}_{h,j} (t) =

N−1� i≥j (−t)^{i−j} j!(i − j)!

d^i f_h(t^2) dt^i

, (2.6)

where the argument of f_h(t) defined in (2.3) is replaced with t^2. These coefficient functions will be used in the study of fuzzy S^1/Z_2.

3. Global geometric quantities

In this section, h = 1 is taken to study the global geometric quantities. The coefficient functions (2.4) are determined from the spectra of the laplacian −A and their degeneracy, since the heat kernel trace is expressed as

Tr(e^{−tA} ) = � l d(l)e^{−A(l) t} , (3.1)

where l labels the spectra, and d(l) and A(l) are the degeneracy and the spectra of A, respectively. The present method was already applied to the global geometric properties of some regular fuzzy spaces in the previous paper [16]. On the other hand, the main motivation of this paper resides in the application to the fuzzy spaces corresponding to singular spaces in continuum theory and the behavior of the local geometric quantities investigated in the next section. I will study fuzzy S^2/Z_n, S^1, S^1/Z_2 and a fuzzy line segment. In all the examples, the global properties are well obtained through the method, while the local properties of some of them show complications.

3.1 Fuzzy S^2/Z_n In [17], fuzzy S^2/Z_n is constructed by taking a subalgebra of the fuzzy S^2 algebra [18]. When fuzzy S^2 is constructed on the spin L representation of the su(2) algebra, the fuzzy S^2 algebra is the algebra of the (2L + 1)-by-(2L + 1) matrices. The algebra elements are classified in terms of the integer su(2) quantum numbers l, m as 3� i=1 [L_i, [L_i, Ŷ_{l,m}]] = l(l + 1) Ŷ_{l,m} ,

[L_3, Ŷ_{l,m}] = m Ŷ_{l,m} ,

(0 ≤ l ≤ 2L, −l ≤ m ≤ l) , (3.2)

where L_i (i = 1, 2, 3) are the su(2) generators. The L parameterizes the fuzziness of the

– 4 –

Figure 1: The t-dependence of the coefficient functions a^6_{2j} (t) (j = 0, 1, 2) for the fuzzy S^2/Z_2. They take almost constant values at 0.05 ≲ t ≲ 0.15.

fuzzy S^2, and the continuum limit is L → ∞. Since the L_3 quantum number m is conserved under the multiplication, it can be consistently restricted to a multiple of an integer n. This subalgebra spanned by

Ŷ_{l,nk} , (0 ≤ l ≤ 2L, −l ≤ nk ≤ l) , (3.3)

where k takes integers, defines fuzzy S^2/Z_n. The laplacian on the fuzzy S^2, −

�_3 i=1[L_i, [L_i, ·]], operates consistently on the subalgebra, and hence can be used as the laplacian in the fuzzy S^2/Z_n. Thus the spectra and the degeneracy of the laplacian in the fuzzy S^2/Z_n are given by A(l) = l(l + 1),

d(l) = 2 � l n � + 1,

(l = 0, 1, . . . , 2L) , (3.4)

where [·] denotes the integer part. In the continuum limit L → ∞, the fuzzy S^2/Z_n approaches the continuum S^2/Z_n, which has the conical singularities on its two opposite poles.

As a specific example, let me consider the fuzzy S^2/Z_2 with L = 10. In figure 1, the behavior of the lowest three coefficient functions defined in (2.4) with the choice h = 1, ν = 2 and N = 6 is shown. The stable region is 0.05 ≲ t ≲ 0.15, and their values there may be well evaluated at t = 0.08:

a^6_0(0.08) = 0.500000 , a^6_2(0.08) = 0.416676 , a^6_4(0.08) = 0.158062 . (3.5)

– 5 –

The heat kernel coefficients with A = −Δ −^1_4 on S^2/Z_n in continuum theory are explicitly given in [19] as

Tr(e^{(Δ+1/4)t} ) ≃ ∞� k=0 C_kt^{k−1} , (3.6)

C_k =

(−1)^{k+1} nk! � −B_{2k} � 1 2 � + 1 2k − 1 k� m=0 � 2k 2m � (n^{2m} − 1)B_{2k−2m} � 1 2 � B_{2m} � , where B_k(x) is the Bernoulli polynomials defined by

t e^{xt} e^t − 1 = ∞� k=0 B_k(x) t^k k! , (3.7)

and the Bernoulli numbers are defined by B_k = B_k(0). From the expansion (3.6), the heat kernel coefficients with A = −Δ are obtained as

a_0 = 1 2 = 0.5 ,

a_2 = 5 12 ≈ 0.416667 ,

a_4 = 19 120 ≈ 0.158333 , (3.8)

which are in good agreement with (3.5). This supports that the present method is also applicable to a fuzzy space corresponding to a singular space in continuum theory like an orbifold.

Each coefficient C_k in (3.6) is composed of two distinct kinds of contributions. The former one is proportional to 1/n and can be interpreted as the contribution from the bulk of S^2/Z_n. In fact, it can be obtained from substituting h = 1, the area of the unit S^2, and the curvature tensor, R_{abcd} = g_{ac}g_{bd} − g_{ad}g_{bc} , (3.9) into the expression (2.2), and dividing by n. Then the latter comes from the conical singularities. The two distinct contributions can be separately evaluated for S^2/Z_2 as

a_0(bulk) = 1 2 , a_2(bulk) = 1 6 , a_4(bulk) = 1 30 , (3.10)

for the bulk, and

Δa_0 = 0 ,

Δa_2 = 1 8 , Δa_4 = 1 16 , (3.11)

for one of the singularities. The separation between the bulk and singularity contributions through the present method will be discussed in section 4.1.

– 6 –

Figure 2: The t-dependence of the coefficient functions a^6_{2j} (t) (j = 0, 1, 2) for the fuzzy S^1. They take almost constant values at 0.1 ≲ t ≲ 0.4.

3.2 Fuzzy S^1 and S^1/Z_2

As given in [20], fuzzy S^1 can be constructed by truncation of the fuzzy S^2. Consider the limit α → ∞ of the following action of an hermitian scalar field in the fuzzy S^2 constructed on the spin L representation, Tr � ϕ[L_3, [L_3, ϕ]] + α ϕ � 2L(2L + 1)ϕ − 3� i=1 [L_i, [L_i, ϕ]] � . (3.12)

The term

�_3 i=1[L_i, [L_i, ϕ]] has the spectra l(l+1) (l = 0, 1, . . . , 2L), and in the limit α → ∞, the term multiplied by α in (3.12) works as a constraint, so that there remain effectively only the modes with l = 2L out of all the modes Ŷ_{l,m} in the fuzzy S^2. Therefore the spectra of the fuzzy S^1 constructed in this way are given by

A(m) = m^2, (−2L ≤ m ≤ 2L) , (3.13)

with no degeneracy.

As a specific example, let me consider L = 10. In figure 2, the behavior of the lowest three coefficient functions with the choice h = 1, ν = 1 and N = 6 is shown. The stable region is 0.1 ≲ t ≲ 0.4, and their values there may be well evaluated at t = 0.2:

a^6_0(0.2) = 1.77245 , |a^6_2(0.2)|, |a^6_4(0.2)| < 10^{−5} . (3.14)

These values are consistent with those of the continuum S^1 with its total length 2π obtained from (2.2).

– 7 –

Figure 3: The t-dependence of the coefficient functions a^3_j (t) (j = 0, 1, 2) for the fuzzy S^1/Z_2. They take almost constant values at 0.2 ≲ t ≲ 0.7.

Next I will consider fuzzy S^1/Z_2. Let me consider the unitary transformation U of parity with the property U^†L_1U = L_1, U^†L_2U = L_2, U^†L_3U = −L_3. It is evidently consistent with the above reduction to the fuzzy S^1. It can be easily shown that the unitary transformation has the eigenvalues ±1 on the modes of the fuzzy S^1, and that the laplacian has the following spectra on the two subspaces of the eigenvalues:

A(m) = m^2 , � m = 0, 1, . . . , 2L m = 1, 2, . . . , 2L

, (3.15)

with no degeneracy.

The continuum correspondence of the fuzzy S^1/Z_2 is a line segment [0, π]. In the continuum limit, the former case in (3.15) is the line segment with the Neumann boundary condition at the boundaries, while the latter the Dirichlet boundary condition. The continuum values of the heat kernel coefficients for the Neumann boundary condition are given by [11]

a_0 = √ π 2 , a_1 = 1 2 , Others = 0 . (3.16)

Since there are no bulk contributions to a_1 as in (2.1), this non-vanishing value of a_1 comes from the boundaries.

As a specific example, let me consider the former case (0 ≤ m ≤ 2L) in (3.15) with L = 15. In figure 3, the behavior of the lowest three coefficient functions defined in (2.6)

– 8 – with h = 1, ν = 1 and N = 3 is shown. The stable region is 0.2 ≲ t ≲ 0.7, and their values there may be well evaluated at t = 0.4:

a^{b,3}_0 (0.4) = 0.886227 , a^{b,3}_1 (0.4) = 0.500000 , |a^{b,3}_2 (0.4)| < 10^{−14} . (3.17)

These values are in good agreement with (3.16). The separation between the bulk and boundary contributions will be studied in section 4.2.

3.3 A fuzzy line segment

As discussed in [17, 21], another fuzzy line segment, which is distinct from the fuzzy S^1/Z_2 in section 3.2, can be constructed from another truncation of the fuzzy S^2. In this case, the scalar field action in the fuzzy S^2 is given by Tr �_3 � i=1 [L_i, ϕ]^2 + α[L_3, ϕ]^2 � . (3.18)

In the limit α → ∞, all the modes with [L_3, ϕ] ≠ 0 are suppressed, and the spectra are effectively given by A(l) = l(l + 1) , (l = 0, 1, . . . , 2L) , (3.19)

with no degeneracy. The spectra are formally equivalent with the limit n → ∞ of the fuzzy S^2/Z_n.

The effective global geometric quantities in this fuzzy space were studied in the previous paper [16]. The analysis showed that the effective geometric quantities can be found from the coefficient functions (2.4) instead of (2.6), which should be used for a space with boundaries. In figure 4, the behavior of the coefficient functions with the choice h = 1, ν = 1 and N = 6 for the fuzzy line segment with L = 10 is shown. There exists the stable region 0.1 ≲ t ≲ 0.3, where the effective global geometric quantities can be clearly found.

The above numerical analysis agrees well with the following analytical treatment. The heat kernel coefficients can be often evaluated through the Euler-Maclaurin formula [11]– [14],_∞ � l=0 F (l) =

�_∞ 0 dτ F (τ) + 1 2 F (0) − � s=1 B_{2s} (2s)!

F^{(2s−1)} (0) + Rem , (3.20)

where B_{2s} are the Bernoulli numbers (3.7), and Rem contains the reminder and the contributions from F^{(s)}(∞). Applying the formula to F (l) = e^{−l(l+1)t} and neglecting Rem, the asymptotic expansion for t → 0 can be obtained as ∞� l=0 e^{−l(l+1)t} ≃ √ π 2 t^{−1/2} + √ π 8 t^{1/2} + √ π 64 t^{3/2} + · · · . (3.21)

This is in good agreement with the numerical analysis above.

The global analysis above shows no anomalous behaviors, and the global geometric quantities can be safely associated to this fuzzy space. However, the local analysis in

– 9 –

Figure 4: The t-dependence of the lowest three coefficient functions a^6_{2j} (t) (j = 0, 1, 2) for the fuzzy line segment with L = 10. They take almost constant values at 0.1 ≲ t ≲ 0.3.

section 4.3 shows that it is hard to obtain the effective local geometric quantities with full conviction. The singularities on the boundaries of this fuzzy space seem to be so strong that the local geometric quantities cannot be obtained through the method, due to the non-local anomalous property of the boundary contributions.

4. Local geometric quantities

In this section, the heat trace with the non-trivial insertion of h will be considered to obtain the effective local geometric quantities in the fuzzy spaces studied in section 3.

Let me assume that the elements of the algebra defining a fuzzy space are classified by the eigenvalues of the operator A, and denote the elements with the eigenvalue A(l) by ϕ̂_{l,i}, where l labels the eigenvalues and i is an additional index labeling the independent modes with the same eigenvalue. Let me consider an insertion operator ĥ. It is a natural assumption that ĥ should be an element of the algebra and given by a linear combination of ϕ̂_{l,i}. Then the product of ĥ and ϕ̂_{l,i} can be expressed by a linear combination, ĥ ϕ̂_{l,i} = � l^′,i^′

c_{l,i;l}′_{,i}′ ϕ̂_l′_{,i}′ , (4.1)

with some numerical coefficients c_{l,i;l}′_{,i}′ . The trace operation picks out the coefficients in the diagonal, and the heat kernel trace with the insertion can be obtained as Tr � h e^{−tA} � = � l,i c_{l,i;l,i} e^{−tA(l)} . (4.2)

Thus, not only the eigenvalues but also the algebra defining a fuzzy space play significant roles in determining the local geometric properties of the fuzzy space. The above procedure would also work for a fuzzy space defined by a non-associative algebra. This generalization will be used in section 4.2.

– 10 –

4.1 Fuzzy S^2/Z_n The representation space of the spin L representation of the su(2) Lie algebra is spanned by the vectors |L, m⟩ (m = −L, −L + 1, . . . , L), which satisfy 3� i=1 L^2_i |L, m⟩ = L(L + 1) |L, m⟩ ,

L_3 |L, m⟩ = m |L, m⟩ . (4.3)

It can be easily shown from the su(2) transformation property that the algebra elements Ŷ_{l,m} in section 3.1 can be explicitly given as the following operators in the representation space, Ŷ_{l,m} = � m_1,m_2

C_{l,m}^{L,m1; L,−m 2} (−1)^{L−m 2} |L, m_1⟩⟨L, m_2| , (4.4)

where C_{l,m}^{L,m1; L,m2} are the Clebsch-Gordan coefficients [22, 23]. The normalization of these operators is such that

Tr_L � Ŷ^†_{l1,m1}Ŷ_{l2,m2} � = � m_3,m_4

C_{l1,m1}^{L,m3;L,m4} C_{l2,m2}^{L,m3;L,m4}

= δ_{l1l2} δ_{m1m2} , (4.5)

where Tr_L denotes the trace over the spin L representation space, and I have used the reality and the orthogonality of the Clebsch-Gordan coefficients, � m_1,m_2

C_{l,m}^{l1,m1;l2,m2} C_l′_{,m}′^{l1,m1;l2,m2} = δ_{ll}′ δ_{mm}′ . (4.6)

Thus the operators Ŷ_{l,m} compose an orthonormal base of the scalar field in the fuzzy S^2, while Ŷ_{l,kn} with integer k compose that of the fuzzy S^2/Z_n.

Let me define an operator,

ĥ_{m1 ,m2} = |L, m_1⟩⟨L, m_2| . (4.7)

When m_1 − m_2 is a multiple of n, this operator is an algebra element of the fuzzy S^2/Z_n. The identity operator can be expressed as a sum 1 = L� m=−L

ĥ_{m,m} . (4.8)

Note that ĥ_{m,m} is an algebra element of S^2/Z_n. Since the operator L_3 is the fuzzy third coordinate, (4.8) describes a fuzzy analog of slicing S^2/Z_n into the portions having an equal height in the direction of the third coordinate, as shown in figure 5.

Since the Ŷ_{l,m} compose an orthonormal base, the product ĥ_{m1,m2}Ŷ_{l,m} can be expressed as a linear combination of Ŷ_l′_{,m}′ :

ĥ_{m1 ,m2}Ŷ_{l,m} = � l^′,m^′

c_l′_{,m}′Ŷ_l′_{,m}′ . (4.9)

– 11 –

As shown in (4.2), only the coefficient c_{l,m} is relevant and can be

Figure 5: Slicing S^2/Z_n into the portions of an equal height. The continuum S^2/Z_n has the conical singularities on its two opposite poles.

computed from (4.4) as

c_{l,m} = Tr_L � Ŷ^†_{l,m}ĥ_{m1,m2}Ŷ_{l,m} � = δ_{m1m2} � m_3 � C_{l,m}^{L,m1;L,m3}

�_2 . (4.10) Then the heat trace with the insertion in the fuzzy S^2/Z_n is given by Tr � h_{m1,m2} e^{−tA} � = � l,m c_{l,m} e^{−tA(l)} (4.11)

= δ_{m1m2} � l,m,m_3 � C_{l,m}^{L,m1;L,m3}

�_2 e^{−t l(l+1)} ,

where I have used (4.10) and the eigenvalues of the laplacian (3.4).

When the fuzzy S^2 is considered, (4.11) can be simplified. The Clebsch-Gordan coefficients has the property, l� m=−l L� m_3=−L

C_{l,m}^{L,m1;L,m3} C_{l,m}^{L,m2;L,m3} =

2l + 1 2L + 1 δ_{m1m2} . (4.12)

Then (4.11) is evaluated as

Tr_S2 � h_{m1 ,m2} e^{−tA} � = δ_{m1m2} 2L + 1 2L� l=0 (2l + 1)e^{−t l(l+1)} . (4.13)

Thus the heat kernel with the insertion h_{m,m} is just given by^1_{2L+1} of the global one studied in section 3.1. This shows the uniformity of the fuzzy S^2, and it is also consistent with the interpretation of (4.8) as slicing S^2 into the portions of an equal height, because each portion has the same area with the uniform curvature.

When the S^2/Z_n is considered, the summation of m in (4.11) is restricted to multiples of n:

Tr_S2_{/Zn} � h_{m1 ,m2} e^{−tA} � = δ_{m1 m2} 2L� l=0

[l/n]�

k=−[l/n] L� m_3=−L � C_{l,nk}^{L,m1;L,m3}

�_2 e^{−t l(l+1)} . (4.14)

Now let me numerically analyze (4.14) for the specific example of the fuzzy S^2/Z_2 with L = 10. In figure 6, the behavior of the coefficient functions with ν = 2 and the insertion ĥ_{0,0} is shown. There clearly exists the stable region 0.06 ≲ t ≲ 0.2. The values there may be well evaluated at t = 0.08, and in figure 7, the m-dependence of a^3_{hm,m,2j} (0.08) (j = 0, 1, 2) is plotted. At small |m|, the values are stable under the change of m, and they take

a^3_{h0,0,0}(0.08) = 0.0238097 , a^3_{h0,0,2}(0.08) = 0.00793031 , a^3_{h0,0,4}(0.08) = 0.00166333 , (4.15)

for m = 0.

– 12 –

Figure 6: The t-dependence of the lowest three coefficient functions a^3_{h0,0,2j} (t) (j = 0, 1, 2) for the fuzzy S^2/Z_2. The stable region is 0.06 ≲ t ≲ 0.2.

Figure 7: The m-dependence of a^3_{hm,m,2j} (0.08) (j = 0, 1, 2).

At small |m|, the operator ĥ_{m,m} is well separated from the singularities on the poles in continuum theory, and it should pick out the smooth geometric contributions of the bulk. From the interpretation of (4.8) explained above, each of the slices should have the same

– 13 – weight, and (4.15) should be compared with 1/(2L + 1) of (3.10): 1 21 a_0(bulk) ≈ 0.0238095 , 1 21 a_2(bulk) ≈ 0.00793651 , 1 21 a_4(bulk) ≈ 0.0015873 . (4.16)

These continuum values are in good agreement with (4.15), and support the above expectation.

As shown in figure 7, the values depend

Figure 8: The t-dependence of a^3_{h10,10 ,0}(t). No stable regions can be found.

largely on m at large |m|, i.e. near the singularities in continuum theory. This shows that the singularities in continuum theory are not concentrated in the m = ±L portion, but it is distributed among some of them. The values fluctuate so largely that the distribution is not smooth and cannot be characterized. In fact, the values for large |m| are not reliable. This can be seen from that the coefficient functions do not have the stable regions for large |m| as shown in figure 8. This shows that the effective local geometry near the singularity in continuum theory cannot be well obtained through the method.

On the contrary, it is possible to find the effective local geometric quantities associated with a certain broad area around the singularity in continuum theory. To see this, let me consider the insertion of the operator,

ĥ_{m�} =^L � m_1=m

ĥ_{m1 ,m1} , (4.17)

which contains the singularity in continuum theory. In figure 9, the t-dependence of the coefficient functions is shown for the insertion of ĥ_{22�} and L = 30. There clearly exists the stable region, and the effective geometric quantities can be found. These values may be well evaluated at t = 0.03:

a^3_{h22�,0}(0.03) = 0.0737705, a^3_{h22�,2}(0.03) = 0.149593, (4.18) a^3_{h22�,4}(0.03) = 0.0672558.

From these values, subtracting the bulk contributions shown in (3.10), the contributions associated with the singularity can be singled out:

Δa^3_{h22�,0}(0.03) = 0.0737705 − 9 2 · (2 · 30 + 1)

≈ 0.0000000 ,

– 14 –

Figure 9: The t-dependence of a^4_{h22� ,2j} (t) for the fuzzy S^2/Z_2 with L = 30.

Δa^3_{h22�,2}(0.03) = 0.149593 − 9 6 · (2 · 30 + 1)

≈ 0.125003 ,

Δa^3_{h22�,4}(0.03) = 0.0672558 − 9 30 · (2 · 30 + 1)

≈ 0.0623378 . (4.19)

These are in good agreement with the analytical result (3.11).

4.2 Fuzzy S^1 and S^1/Z_2 The action (3.12) in the limit α → ∞ chooses Ŷ_{2L,m} (m = −2L, −2L+1, . . . , 2L) out of the scalar modes in the fuzzy S^2. These Ŷ_{2L,m} (m = −2L, −2L+1, . . . , 2L) form the algebra of the fuzzy S^1. It is expected that an appropriate linear combination of Ŷ_{2L,m} can be used as the insertion operator to obtain the effective local geometric quantities. Especially, since Ŷ_{2l,0} is the zero mode in the fuzzy S^1, its insertion must reproduce the global geometric quantities obtained in section 3.2.

Let me compute the coefficients in the formula (4.2) for the insertion Ŷ_{2l,0},

Tr_L � Ŷ^†_{2L,m}Ŷ_{2L,0}Ŷ_{2L,m} � = � m_1,m_2,m_3

C_{2L,0}^{L,m1;L,−m 2} (−1)^{L−m 2} C_{2L,m}^{L,m1;L,m3} C_{2L,m}^{L,m2;L,m3}

= (4L + 1) � 2L 2L 2L L L L � C_{2L,m}^{2L,0;2L,m} , (4.20)

where {:::} denotes the 6j-Symbol, and I have used (4.4), (4.10) and some elementary properties of the Clebsch-Gordan coefficients [22, 23]. Thus the heat trace is obtained as Tr � Y_{2L,0} e^{−tA} � = (4L + 1) � 2L 2L 2L L L L

�_{2L} � m=−2L

C_{2L,m}^{2L,0;2L,m}e^{−m 2 t} . (4.21)

– 15 –

I investigated the behavior of the coefficient functions for various N and L, but could not find any stable regions as shown in figure 10 for a specific case. An apparent reason for this is that C_{2L,m}^{2L,0;2L,m} does not behave like a constant as a function of m, which is the case if the identity operator is inserted. It can be also checked that the heat trace depends essentially on the insertion, which contradicts the uniformity of S^1, as will be explained below. Thus the fuzzy S^1 obtained by the reduction from the fuzzy S^2 discussed in [20] does not have the appropriate algebra for obtaining the local geometric quantities, although the global geometric quantities can be correctly obtained as in section 3.2. To produce the correct local geometric properties, one needs to allow the insertion operators ĥ independent of Ŷ_{2L,m} or to change the algebra itself. But it is not clear how to do.

To circumvent the difficulty, let me con-

Figure 10: The t-dependence of a^6_{Y2L,0 ,0}(t) for the fuzzy S^1 with L = 10. No stable regions can be found.

sider a more direct approach. In continuum theory, a function on S^1 with length 2π can be expanded in a linear combination of ϕ_m ≡ e^{−imx} (m = 0, ±1, . . .), where x is the coordinate of the S^1. By introducing a cut-off parameter L, the fuzzy S^1 can be defined by the algebra formed by ϕ_m (m = 0, ±1, . . . , ±L). The simplest choice of the algebra would be obtained by projecting out the modes ϕ_m (|m| > L):

ϕ̂_mϕ̂_n = � ϕ̂_{m+n} , −L ≤ m + n ≤ L 0 , otherwise

. (4.22)

This is a commutative non-associative algebra. A non-associative algebra is usually not favored in physics, but plays the significant roles in constructing more than two-dimensional fuzzy spheres [24]. The laplacian in the fuzzy S^1 is defined by a linear operator Δ ϕ̂_m = −m^2ϕ̂_m. Now let me consider the insertion of a general element, ĥ =

�_L

m=−L cmϕ̂ m, with

the numerical coefficients c_m. Since

ĥ ϕ̂_m = c_0 ϕ̂_m + · · · , (4.23)

and (4.2), the heat trace with the insertion is obtained as

Tr(h e^{−tA} ) = c_0 L� m=−L

e^{−m 2t} . (4.24)

Thus the heat trace is proportional to the global one, irrespective of the insertion. This is similar to the fuzzy S^2 as mentioned in section 4.1, and shows the uniformity of the fuzzy S^1.

Now I consider a Z_2 reflection, which is defined by U( ϕ̂_m) = ϕ̂_{−m} . The fuzzy orbifold S^1/Z_2 is defined by taking the scalar modes invariant under the Z_2 transformation. The algebra is formed by ϕ̂_0, ϕ̂_m + ϕ̂_{−m} (m = 1, . . . , L). This should be the fuzzy analog of the continuum S^1/Z_2 with the Neumann boundary condition at the boundaries. From

– 16 –

Figure 11: The t-dependence of a^{b,3}_{hπ/2 ,j} (t) (j = 0, 1, 2) for the fuzzy S^1/Z_2 with L = 30. There clearly exists the stable region 0.2 ≲ t ≲ 0.4.

the expression of the δ-function in continuum theory, a fuzzy analog of the δ-function at x = x_0 (0 ≤ x_0 ≤ π) can be defined as

δ̂_L(x − x_0) ≡ 1 π ϕ̂_0 + 1 π L� m=1 cos(mx_0) (ϕ̂_m + ϕ̂_{−m} ) . (4.25)

The heat trace with the insertion h_{x0} = δ_L(x − x_0) is computed from (4.2) and (4.22) as

Tr � h_{x0} e^{−tA} � = 1 π L� m=0 e^{−m 2t} + 1 π [L/2]�

m=1 cos(2mx_0)e^{−m 2 t} . (4.26)

Let me consider the specific example of the fuzzy S^1/Z_2 with L = 30, and use the coefficient functions (2.6) with ν = 1. In figure 11, the t-dependence of the coefficient functions at the middle point x_0 = π/2 of the S^1/Z_2 is shown. There clearly exists the stable region 0.2 ≲ t ≲ 0.4. The values there may be well evaluated at t = 0.25, and the x_0-dependence of the coefficient functions at t = 0.25 is shown in figure 12. Like the fuzzy S^2/Z_n in section 4.1, the coefficient functions of S^1/Z_2 fluctuate largely near the boundaries in continuum theory, and this suggests that the values are not reliable. In fact, it can be checked that no stable regions can be found near the boundaries x = 0, π. On the other hand, if the insertion operator is an integrated one including the boundary x = 0,

ĥ_{�x0} =

�_{x0} 0 dx_1 ĥ_{x1} , (4.27)

– 17 –

Figure 12: The x_0-dependence of a^{b,3}_{hx0 ,j} (0.25) (j = 0, 1, 2) for the fuzzy S^1/Z_2 with L = 30. The values fluctuate largely near x_0 = 0, π.

there exists the stable region for x_0 suffi-

Figure 13: The x_0-dependence of a^{b,3}_{h�x0 ,1}(0.25) for the fuzzy S^1/Z_2 with L = 30.

ciently apart from the boundaries. In figure 13, the x_0-dependence of a^{b,3}_{h�x0 ,1}(0.25) is shown. As x_0 becomes larger, the value approaches 1/4, stabilizes, and finally becomes 1/2. In continuum theory, this corresponds to the fact that a_1 gets the contribution 1/4 from each boundary as in (3.16).

4.3 A fuzzy line segment The action (3.18) in the limit α → ∞ chooses the modes Ŷ_{l,0} (l = 0, 1, . . . , 2L) from those in the fuzzy S^2. One can take another basis for these modes as ĥ_{m,m} (m = −L, −L + 1, . . . , L). The analysis in [17, 21] shows that the latter basis is more appropriate to give the insertion operators to analyze the local geometric properties. The parameter m labels the ‘points’ in the fuzzy line segment, and they are placed in the order of m. The points m = ±L correspond to the two ends of the fuzzy line segment. Using (4.2) and (4.10), the heat trace with the insertion h_{m,m} is evaluated as

Tr(h_{m,m}e^{−tA} ) = 2L� l=0 Tr_L � Ŷ^†_{l,0}ĥ_{m,m}Ŷ_{l,0} � e^{−l(l+1) t}

– 18 –

Figure 14: The t-dependence of a^6_{h0,0,2j} (t) (j = 0, 1, 2) for the fuzzy line segment with L = 30. The stable region seems to exist around t ∼ 0.16, but this is not clear.

Figure 15: The m-dependence of a^6_{hm,m,2j} (0.16) (j = 0, 1) for the fuzzy line segment with L = 30 is shown with dots. The solid line is obtained from the continuum limit of the operator A.

= 2L� l=0 � C_{l,0}^{L,m;L,−m}

�_2 e^{−l(l+1) t} . (4.28)

Now let me numerically study the fuzzy line segment with L = 30. The coefficient functions (2.4) are used, as in section 3.3. In figure 14, the t-dependence of the coefficient functions with ν = 1 and the insertion h_{0,0} is shown. The existence of the stable region is not clear, but seems to exist around t ∼ 0.16. In figure 15, the m-dependence of a^6_{hm,m,2j}(0.16) (j = 0, 1) is shown, and is compared with the continuum expression which will be given shortly. They agree well around the center, but the second coefficient a^6_{hm,m,2}(0.16) disagrees largely apart from the center. It can be checked that when |m| becomes larger, the existence of the stable region becomes more obscure.

– 19 –

Figure 16: The t-dependence of a^6_{h10�,2j} (t) (j = 0, 1) for the fuzzy line segment with L = 30. The fluctuation of a^6_{h10� ,2}(t) is large (right), while that of a^6_{h10�,0}(t) is within a few percent (left). The stable region cannot be clearly found.

In the previous examples, the stable regions can be found when the insertion operator has the support on a broad region around a singularity in continuum theory. Let me consider the insertion of ĥ_{10�} =

�_{30}

m=10 ĥm,m. The stable region cannot be clearly found,

as shown in figure 16. This suggests that the singularity on the boundary is so strong that its effect is not localized near the boundary.

The above anomalous behavior of the numerical analysis can be supported by the following explicit evaluation of the heat kernel trace. Let me first consider the insertion h_{0,0}, which is localized about the center of the fuzzy line segment. Substituting the explicit expressions of the Clebsch-Gordan coefficients [22, 23] into (4.28), the heat kernel trace with the insertion is given by

Tr(h_{0,0}e^{−tA} ) = 2L� l=0,even

(2l + 1)(2L − l)!(l!)^2 � L +^l_2 � ! �_2

(2L + l + 1)!

�_l 2 � ! �_4 �

L −^l_2 � ! �_2 e^{−l(l+1)t} . (4.29)

When 1 ≪ l ≪ L, the coefficients are approximated by

(2l + 1)(2L − l)!(l!)^2 � L +^l_2 � ! �_2

(2L + l + 1)!

�_l 2 � ! �_4 �

L −^l_2 � ! �_2 ∼ 2 πL . (4.30)

Using this approximation and the Euler-Maclaurin Formula (3.20), the asymptotic behavior of the heat kernel trace is obtained as

Tr(h_{0,0}e^{−tA} ) ∼ 1 2 √ πL t^{−1/2} + · · · . (4.31)

This asymptotic behavior is consistent with the effective dimension (ν = 1) assumed in the numerical analysis above, and the value 1/2 √ πL ≈ 0.0094 for L = 30 is in good agreement with figure 15. Let me next consider the insertion operator h_{L,L}, which is localized about the boundary. The explicit expression of the heat kernel trace with the insertion is given by

Tr(h_{L,L}e^{−tA} ) = 2L� l=0 (2l + 1) ((2L)!)^2 (2L + l + 1)!(2L − l)!

e^{−l(l+1)t} . (4.32)

– 20 –

When 1 ≪ l ≪ L, the coefficient is approximated by

(2l + 1) ((2L)!)^2 (2L + l + 1)!(2L − l)! ∼ 2l + 1 2L . (4.33)

This l-dependence is what appears in the global analysis of the fuzzy two-sphere in section 3.1, and changes the qualitative behavior of the asymptotic expansion from (4.31):

Tr(h_{L,L}e^{−tA} ) ∼ 1 2L t^{−1} + · · · . (4.34)

Therefore the effective dimension is two (ν = 2) on the boundary of the fuzzy line segment. Since the global analysis in section 3.3 is consistent with ν = 1, this anomalous property on the boundary must be canceled with that in the bulk. Therefore this anomalous property is not localized on the boundaries but must also exist in the bulk. This will invalidate the numerical analysis above based on ν = 1. Thus the local analysis necessitates ν = 2, while ν = 1 is globally preferred, and they cannot be reconciled.

Next let us investigate the problem from the direct continuum limit of the operator A. The continuum limit is discussed in [17, 21], and is given by

A = − d dx x(1 − x) d dx , (4.35)

where x is in the range [0, 1], and there are no constraints on the boundaries. This operator can be rewritten in the covariant form

A = −(g^{xx}∇_x∇_x + E) , (4.36)

where ∇_x is the covariant derivative with Γ^x_x = (2x − 1)/2x(1 − x), and

g^{xx} = x(1 − x) , E = 1 + 4x − 4x^2 16x(1 − x)

. (4.37)

Thus A contains the term E additionally to the laplacian. The a_0 is not changed by this additional term, but a_2 gets the additional bulk contribution [11, 12, 13, 14] 1 (4π)^{ν/2} � d^ν x √ g h E . (4.38)

Adding it to (2.2), the continuum expressions for a_0(h), a_2(h) from the bulk are given by

a_0(h)_{bulk} = 1 (4π)^{1/2}

�_1 0 dx h � x(1 − x)

, (4.39)

a_2(h)_{bulk} = 1 (4π)^{1/2}

�_1 0 dx h � x(1 − x)

(1 + 4x − 4x^2)

16x(1 − x)

. (4.40)

Note that a_0(1)_{bulk} is a well-defined quantity √ π/2 and agrees with the analytical result (3.21), while the integration for a_2(1)_{bulk} diverges at x = 0, 1 and is ill-defined. This

– 21 – divergence must be canceled with the boundary contributions in some way to reproduce the meaningful global result (3.21). Therefore the boundary contributions cannot be localized on the boundaries, but must smear into the bulk to cancel the divergence. This provides another support to the anomalous behavior. Since one may approximate

h_{m,m}(x) ∼ 1 2L + 1 δ � x − m + L 2L � , (4.41)

the numerical analysis should be compared with the expressions,

a_0(m)_{cont.} = 1 (2L + 1) � 4πx(1 − x)

, (4.42)

a_2(m)_{cont.} =

1 + 4x − 4x^2 16(2L + 1) √ 4πx^{3/2}(1 − x)^{3/2}

, (4.43)

where x = (m + L)/(2L). These are the solid lines in figure 15.

5. Summary and discussions

The idea that generalization of space can be obtained in terms of algebra is attractive [8, 9, 10]. Then the geometry in such a generalized space is a secondary product encoded in the algebra. In the analogy of the classical particle mechanics, the effective geometry may be defined through the low-frequency dynamics of the fields in such a space. This is in accordance with the spirit of [25].

In the previous paper [16], I discussed a method of obtaining the global geometric quantities of compact fuzzy spaces from the approximate power-law expansion of the heat kernel trace. In this paper I applied the method to the heat kernel trace with the insertion of local operators to check whether the effective local geometric quantities can be obtained through the method. In all the simple fuzzy spaces studied in this paper except the fuzzy line segment, the effective local geometric quantities obtained through the method are reasonable and support its validity.

The method does not provide any effective local geometric quantities near a singularity in continuum theory in a well-defined way, and provides them only for a certain broad range containing it. The physical interpretation of this fact would be that the effective geometry integrated over a certain broad range around a singularity in continuum theory is the only observable, while the effective geometry itself is not observable near it. The fuzzy line segment gives an interesting counter example for the applicability of the present method. The metric singularity on the boundaries of the line segment in continuum theory is so strong that the method cannot give the local geometric quantities even well apart from the boundaries.

As for the global quantities, the heat kernel trace is fully determined by the spectra of the laplacian, while the algebraic relations among the modes are additionally needed to obtain the local geometric quantities. The formulation of the fuzzy S^1 by the reduction from the fuzzy S^2 gives the spectra to produce the correct global geometric quantities [16].

– 22 –

However, the algebra of the modes is inappropriate to produce the local geometric quantities. On the other hand, a more direct approach with a non-associative algebra, which is also used in formulating more than two-dimensional fuzzy spheres [24], produces the correct local geometric quantities. Since fuzzy spaces with non-associative algebra contain various physically interesting spaces, it would be interesting to apply the present method to study their effective geometry. This would be helpful in understanding the gravitational aspects and formulating the evolution of fuzzy spaces [21, 26, 27].

In the present method, the local geometric quantities of fuzzy spaces depend both on the laplacian and the algebra of the modes. In section 4.2, the fuzzy S^1 is defined by the eigenvalues of the laplacian and the non-associative algebra of the eigenmodes. No intrinsic relations between the laplacian and the algebra are assumed there. However, since the algebra of the modes describes a certain aspect of the structure of a fuzzy space, it would be more reasonable to determine the laplacian from the algebra through a principle. One way to achieve this would be starting with the non-commutative differential geometry [8, 9, 10]. Another unsatisfactory treatment in this paper is that the choices of the local insertion operator h are not fully derived. For the simple fuzzy spaces studied in this paper, the natural intuitive choices work well, and there would be no many other reasonable choices. But this will not be true for general fuzzy spaces. It is more desirable to be able to construct the local insertion operators starting from the algebra of a fuzzy space without any speculations.

In this and the previous [16] papers, the method is applied to extract the effective geometric quantities in compact fuzzy spaces. The fundamental physical assumption underlying the method is that there exists an effective field theory described in a usual manner in low-frequency. This will hold in more general regularized spaces such as q-deformed spaces, lattice theories and so on. These spaces may also have statistical fluctuation, which may be interpreted as a quantum gravity effect. The heat kernel expansion is known to have various applications [11, 12, 13, 14]. Thus the present method would have various applications in various regularized spaces.

Acknowledgments

The author was supported by the Grant-in-Aid for Scientific Research No. 13135213 and No. 16540244 from the Ministry of Education, Science, Sports and Culture of Japan.

References

[1] L.J. Garay, Quantum gravity and minimum length, Int. J. Mod. Phys. A 10 (1995) 145 [gr-qc/9403008].

[2] T. Yoneya, String theory and space-time uncertainty principle, Prog. Theor. Phys. 103 (2000) 1081 [hep-th/0004074].

[3] H. Salecker and E.P. Wigner, Quantum limitations of the measurement of space-time distances, Phys. Rev. 109 (1958) 571.

– 23 –

[4] F. Karolyhazy, Gravitation and quantum mechanics of macroscopic objects, Nuovo Cim. A42 (1966) 390.

[5] Y.J. Ng and H. Van Dam, Limit to space-time measurement, Mod. Phys. Lett. A 9 (1994) 335.

[6] G. Amelino-Camelia, Limits on the measurability of space-time distances in the semiclassical approximation of quantum gravity, Mod. Phys. Lett. A 9 (1994) 3415 [gr-qc/9603014].

[7] N. Sasakura, An uncertainty relation of space-time, Prog. Theor. Phys. 102 (1999) 169 [hep-th/9903146].

[8] A. Connes, Noncommutative geometry, Academic Press, New York 1994. [9] J. Madore, An introduction to noncommutative differential geometry and physical applications, London Mathematical Society lecture note series 257, Cambridge University Press, Cambridge 2000 [10] G. Landi, An introduction to noncommutative spaces and their geometry, hep-th/9701078. [11] D.V. Vassilevich, Heat kernel expansion: user’s manual, Phys. Rept. 388 (2003) 279 [hep-th/0306138].

[12] E. Elizalde, S.D. Odintsov, A. Romeo, A.A. Bytsenko and S. Zerbini, Zeta regularization techniques with applications, World Scientific, Singapore 1994.

[13] P.B. Gilkey, Invariance theory, the heat equation and the Atiyah-Singer index theorem, CRC Press, 1995.

[14] K. Kirsten, Spectral functions in mathematics and physics, Chapman & Hall/CRC, 2001. [15] D.V. Vassilevich, Non-commutative heat kernel, Lett. Math. Phys. 67 (2004) 185 [hep-th/0310144].

[16] N. Sasakura, Heat kernel coefficients for compact fuzzy spaces, JHEP 12 (2004) 009 [hep-th/0411029].

[17] X. Martin, Fuzzy orbifolds, hep-th/0405060.

[18] J. Madore, The fuzzy sphere, Class. and Quant. Grav. 9 (1992) 69.

[19] P. Chang and J.S. Dowker, Vacuum energy on orbifold factors of spheres, Nucl. Phys. B 395 (1993) 407 [hep-th/9210013].

[20] B.P. Dolan and D. O’Connor, A fuzzy three sphere and fuzzy tori, JHEP 10 (2003) 060 [hep-th/0306231].

[21] N. Sasakura, Evolving fuzzy CP(n) and lattice n-simplex, Phys. Lett. B 599 (2004) 319 [hep-th/0406167].

[22] A. Messiah, Quantum mechanics, North-Holland, Amsterdam 1961-62. [23] D.A. Varshalovich, A.N. Moskalev and V.K. Khersonsky, Quantum theory of angular momentum, World Scientific, Singapore 1988.

[24] S. Ramgoolam, On spherical harmonics for fuzzy spheres in diverse dimensions, Nucl. Phys.

B 610 (2001) 461 [hep-th/0105006].

[25] A.H. Chamseddine and A. Connes, The spectral action principle, Commun. Math. Phys. 186 (1997) 731 [hep-th/9606001].

– 24 –

[26] N. Sasakura, Field theory on evolving fuzzy two-sphere, Class. and Quant. Grav. 21 (2004) 3593 [hep-th/0401079].

[27] N. Sasakura, Non-unitary evolutions of noncommutative worlds with symmetry, JHEP 01 (2004) 016 [hep-th/0309035].

– 25 –